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Abstract The critical load for cone crack initiation in a
brittle material indented by a rigid cylindrical punch is
related to the fracture toughness of the material and the
punch radius through the classical energy principles. The
strain energy required to form an embryo cone crack on a
flaw-free surface adjacent to the punch edge is formulated,
from which the critical load for cone cracking is then
determined. The present analysis shows that the stress
singularity close to the sharp contact edge is akin to that a
sharp crack tip. The results in this study can be used to set
up a simple and practical technique for evaluating some
strength-related properties of brittle materials such as the
fracture toughness.

Introduction

It has been well documented that if a rigid spherical or
cylindrical body is pressed into a large flat glass block, a
cone crack will form suddenly at a characteristic load [1].
This beautiful crack, as they have come to be known, has
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been a rich and productive topic of research over the post
century, and remains so because of its relevance to contact
failures of materials such as bi- and tri-layer structures with
brittle and coatings in many recent bio-materials applica-
tions.

It has been proven to be difficult to establish a satis-
factory analytical solution to quantitatively describe the
formation of an embryo and growth of a cone crack, which
are the two basic contact damage problems. The first one
concerns sudden cracking on the flaw-free surface. The
second one concerns the initiation and growth of the pre-
existing cone crack. The mechanism of cone crack initia-
tion and propagation is relative well understood by Sned-
don [2] stress tensor and fracture mechanics [3]. Up to
now, nearly all papers on surface contact damage were
concentrated on the cone crack initiation and propagation
such as the references [4-8]. The present work will focus
on sudden surface cracking on the flaw-free surface of a
brittle solid.

There have been many indentation tests performed over
the years, most using a spherical indenter while some using
a square-ended cylindrical indenter, such as the well-
known tests conducted by Roesler [9]. The Hertzian con-
tact test using a spherical indenter, despite its simplicity,
does have some drawbacks. For instance, the contact area
increases with an increasing indentation load, and therefore
the surface trace of an initiated cone crack can be easily
engulfed by the expanding contact circle, causing second-
ary fracture because of the indentation load acting over the
cone crack and the supporting material underneath [3].
Furthermore, stress trajectories move as the radius of
contact increases, making any analytical attempt untrace-
able. As recognized by Roesler [9], a cylindrical punch
with a flat end and sharp edge would not have those
problems, so analytically this geometry with a constant
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contact radius would be a preferred choice for cone crack
modeling.

Another important feature of a square-ended cylindrical
punch is that there is a pre-existing stress singularity
present at the edge of contact, which does not exist if a
spherical indenter is used. This feature is more in line with
the classic concept of stress intensity factor commonly
dealt with in fracture mechanics. The present study will
show such a stress singularity plays a significant role in the
cone crack formation, and provides a close form solution
similar to that of a sharp crack. The contact analysis
developed in this study is then used to predict cracking
along the contact edge due to the stress singularity and its
angle relative to the contact surface. This mechanism rel-
evant to the cone crack embryo or cracking along the
contact edge on the flaw-free surface is unique as the
critical load for cone crack embryo will be controlled by
the singular stress field associated with the punch edge. In
other words, the critical load itself can be inferred from the
conventionally defined fracture toughness. It should be
emphasized that this approach would apply only for a
completely flaw-free surface so that the stress singularity is
solely defined by the contact.

Contact problem

In the present study, we consider the case of a frictionless
cylindrical punch pressing onto a flat surface of glass plate
or an ideal brittle material, as shown in Fig. 1. It is
assumed that the punch has a perfect sharp corner and is
rigid in comparison with the stiffness of the elastic material
under indentation. In this case, the deformation can only
occur within the glass body so that the half-space contact
theory is valid. Under the simplified assumption of a rigid
frictionless punch, the contact problem may then be solved
analytically in a close form solution so that the stress state
relevant to the cone crack formation can be evaluated. In
particular, we are going to show that, in the neighborhood

Fig. 1 Schematic representation of the contact between a rigid
cylindrical punch and an elastic half space
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of the corner rim of the rigid and perfectly sharp punch, the
local state of stress varies in an identical manner to that
ahead of a crack tip.

The indentation geometry considered is illustrated in
Fig. 1. The indenter is a cylindrical rigid flat punch of
diameter 2a and is pressed onto a flat surface of glass plate.
Using the cylindrical coordinate system r, 0, z, shown in
Fig. 1, Sneddon [2] found the stress field, as given by

O, 0+

o | _ _ 4uC+ph {n

ow | G2pma | My =S /p |
G+ 0o 22+ W1 — (2 + p)Id

(1)

where A and p are Lame’s elastic constants, p = r/a and
{ = z/la are normalized coordinates, and 4 is the indentation
depth related to the applied normal force, P, by

_ Bu(A+p)

A+ 2u ah. @)

The functions 19, I3, 15, I} used in Eq. 1 are given by

3
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where the transformed normalized coordinates are

PR =14+ 02= (PP + 2= 1) 4482, anQ=1/(,
tanszC/(szrCZ* 1) (4)

Taking the asymptotic limit (see Fig. 1), ¥ — 0 at the
surface [10] ({ — (#'/a)sin @) and evaluate the state of
stress adjacent to the contact edge, so that r — a, z — 0.
Do this by p — 1 — (¥ /a)cos . We obtain Q — 7/2
—(FJa)sing, o = — @, r =1, R —2(r'/a)(1 — (a/F)
cos @) . Then,
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Interestingly, if the negative sign in Eq. 5 is changed
into positive, this result will be the same as that for a
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circular semi-infinite crack located along the circumference
of a cylindrical rod [11-13] (with an uncracked ligament of
radius a) loaded remotely with a normal load P. This
finding is important as it shows that the cone crack for-
mation in the current case can be treated as a crack growth
problem with a well-defined stress singularity. As shown in
Eq. 5, the stress intensity factor K; is the only parameter
controlling the stress field, i.e., there is K-dominant region
close to the contact edge, which means that cracking along
the contact edge should be controlled by the same mech-
anism of fracture similar to the Mode I crack. Therefore,
the concept of the fracture toughness K. should be
applicable.

Energy release rates for boundary cracking

This section describes a method for calculating the energy
release rate associated with the initiation of a crack from
the free boundary. The energy release rate related to a
boundary translation has been investigated by Eshelby
[14], Sih [15], Budiansky and Rice [16]. Consider a three-
dimensional elastostatic boundary value problem with
material contained within the surface S + s as shown in
Fig. 2, where the portion s of the boundary is traction-free,
and external loading is imposed only by tractions on S.
Without changing the boundary conditions on S, impose a
continuously varying sequence of static solutions, related
to the displacements u, given by a time-like parameter f.
Details of the procedure can be found in reference [16].
Here, only the final result of energy release rate per unit
time, OI1/0¢ , is given, i.e.

oIl
e //swvimids, (7)

where v; denotes the ‘velocity’ of the points on s and m; is
the outward normal to s.

m
1%
N

Fig. 2 Three-dimensional deformation fields and integration surface

Let v; = e¢; = A ; /A, which corresponds to three com-
ponents of unit translation, so that e; = cosa , e; = cos f§
and e; =cosy , where o, f§, y are angles between dis-
placement A and coordinate axis. Let n; = —m; be the unit
inward normal on boundary s, which means that the
boundary s moves inward. Thus, the energy release rate of
boundary translation is given by

- oI
=TA T //lvweinids. (8)

Now, consider a case of an axisymmetric problem
illustrated in Fig. 3. Let all the points on the boundary s
move in the same direction and with the same value, A, in
the plane of (z, r) expressed on the cylindrical coordinates.
Then e, =sinfi , e, =cosff eg =0 (see Fig. 3). Com-
bining these results with the conservation law J; [14-16]
expressed in the form of cylindrical coordinates [17], the
energy release rate defined by Eq. 8 can be rearranged as
follows:

G = J,sin B+ J_cos f, 9)

where

Jp = / / (wn, — T, )ds = / / (wn, — T, )ds,  (10)
J = / / (on = T )as = / / (on= T (1)

Here s;, is any integration surface within the space
enclosed by boundary S + s, with the condition that s;, + s
forms a closed surface. f is the semi-angle of cone
cracking. The physical meaning of Eq. 10 is the energy
release rate for unit translation of boundary s in direction r,
and Eq. 11 in direction z.

From the geometrical point of view, boundary cracking
or crack initiation, whether it occurs at a crack tip, a notch
corner or on a general boundary, can be considered as a

B b—0

A
2 4

Z

Fig. 3 Model of boundary cone cracking
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boundary translation in some direction, with the limit
b — 0, as shown in Fig. 3. Then, the energy release rate of
boundary cracking G or the energy release rate due to crack
embryo can be defined as

G= Gly_o = (Jr)lp_osin f + (J2)|,_q cos B, (12)

where (J,)|,_, denotes the driving force of the boundary
cracking in direction r and (J;)|,_, denotes the driving
force in direction z, when the required limits exist. Since
b — 0 and A — 0 mean the crack embryo or boundary
cracking, Eq. 12 represents the energy release rate for
boundary cracking in direction f.

We turn, first, to determine the critical condition for the
formation of a plane crack through evaluation of the crit-
ical strain energy release rate, G, , by these principles. For
a two dimensional crack subjected to both remote opening
(Mode 1) and shear type (Mode II) loading as depicted in
Fig. 4, the counterpart of Eq. 12 becomes:

G° =Jycosa+ Jpsina, (13)

which means the energy release rate of boundary cracking
in any direction o with unit thickness; and the integrals J;
around the crack tip within the K-dominant region, in terms
of the stress intensity factors K; and Kj;, are

1_2
n=-"

(K7 +Kj;), (plane strain) (14)

1_2
5=—-—F

KKy, (plane strain) (15)

From Eq. 13 the strain energy release rate of the crack
tip along any general angle o can be expressed as

G — (W) cos(a — o), (16)

where

2%\
W,

Fig. 4 Crack and cracking angle
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Olo =tan_1(—%). (17)
Ki +Kj
The strain energy release rate may be maximized by
setting aa% =0, which gives sin(z — «,) = 0 . The opti-
mum angle o at which G° takes its maximum value is then
given by

o= o, (18)

and the maximum value of the energy release rate is

G = \/ 3+ T3, (19)

These results are identical with those derived by
Cherepanov [18].

For homogenous and isotropic brittle materials Griffith’s
criterion [19] states that the crack will extend when the
critical value G;’ is reached [18], i.e.,

G = G (20)
For a standard specimen subjected to Mode I loading,

G, .« = J1 and G; can be calibrated from

G? = Jic = Kie (1 - 1) /E, (21)

where K¢ is the fracture toughness.
Turn, now to the axisymmetric penny shaped crack. The
critical value of Eq. 12 becomes

Gc = Znaéz = ZnaKlzc(l — ,uz)/E, (22)

Application to contact between cylindrical rigid punch
and friction less half-space

The procedure described above has been applied to the
bearing contact described in “Contact problem”. For the
same configuration, Roesler’s [9, 20] experimental results
indicated that the cone crack initiated just outside the con-
tact circle. Then, the s in Eqs. 10 and 11 and Fig. 3 is taken
as z=0, a*'<r< a* + b and b — 0 within the K-dominant
region as shown in Figs. 5 and 6. This is an important step
for boundary cracking analysis because the strain energy
needed to start a cone crack at the perimeter of the cylin-
drical contact punch can be found, by evaluating the contour
integrals along the surface shown in Figs. 5 and 6.

First, the value of J, was found. Let s;, =51 + s, in
Eq. 10, where s + s; + s, forms a closed curve; and let
b — 0 as shown in Fig. 5a. Adjacent to the perimeter of the
punch, J, can be expressed by



J Mater Sci (2007) 42:9469-9475

9473

Fig. 5 Integration surface for calculation of J,, (a) half symmetric
integration surface, (b) integration path in (r, z) plane

Jr = // (Wnr - Tiui,r)dQ = // (W”lr - Tiuiw")dQ
Sin 51
+ // (wn, — T,'Mi,r>dQ-
5

(23)

From this it is not difficult to prove that

// (wn, — T,'u,;,)dQ =0 (24)
51
and

// (wn, — T,-ui,,)dQ = 2n/ (wn, — Tiu,-J)
52 Secde

bja—oan(l — p?)K}

(a — bcos @)dl z (25)
Thus, Eq. 23 becomes
an(1 — 1i?)K?

-]r|;H0 = TI (26)

We now evaluate J,. Within the K-dominant region, let
Sin = 81 + szin Eq. 11 and take the limit » — 0 as shown in
Fig. 6. Under these conditions, the J, integral becomes

J, = // (wnZ — Tiui,z)dQ
= // (wnZ — T,-u,-_rz)dQ + // (wnZ — Tiui,z)dQ. (27)
S1 52

Note that s; is a cylindrical shell and s, is shaped by
rotating a quarter of a circle around axis z. Along the
surfaces s; and s,, shown in Fig. 6a and b, the following
integration results can be obtained from Xie [21-24]

// (wn, — Tou;;)dQ =0 (28)
51
and

Fig. 6 Integration surfaces for calculation of J,, (a) half symmetric
integration surface, (b) integration path in (r, z) plane

// (wnz — Tiuijz)dQ = 277:/ (wnZ — Tiui,z)
52 Scd

bla—oa(l — 1)K}

(a—bcos )dl z (29)
Thus, Eq. 27 now becomes
a(l — 1?)K?
Tlpo = 2L (30)

From Eq. 12, the total energy release rate of boundary
cracking at any angle f can be found as

G = (J:)|y_osin f+ (J2)|,_o cos B

= IV (5 - ) 31

where
B, =tan"' © = 72.34 deg. (32)

The energy release rate is now maximized with respect
to S by the condition g—g =0,ie.,sin(f—B,) =0, which
gives
B = P, =72.34 deg. (33)

where [:3 is the theoretically predicted cracking angle at
which G exhibits a maximum value, and is given by

& a(l — >)KAV1 + n?

max —
E

(34)

The most widely used fracture criterion is Griffith’s [19]
theory. The energy criterion of Griffith yields, in principle,
a minimum critical load for failure. Thus, according to
Eqgs. 22 and 34, the critical condition for cracking along the
flaw-free boundary becomes

Gonax = 27aG... (35)
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where G~IC is the critical energy release rate per length of
boundary for compressive singular stress fields, which
should be determined by experimental method similar to
Jic. Additionally, from Eqs. 6, 34, 35, the Eq. 35 can be
written as

P _ V2n K
2a+/ma (7'[2“" 1)1/4 1C»

K, = (36)

where K = EG'/,C/ (1 — u?) . Equation 36 gives a
K-based critical condition, which defines a relationship
between the stress intensity factor and fracture toughness
for boundary cracking in a half space. It should be
emphasized that, in the above analysis, the stress intensity
factor used is defined by Eq. 6, which is the parameter
controlling the stress singularity at the punch perimeter.
Instead of the crack size in a normal stress intensity factor
relation, the radius of the punch is the length parameter,
which is a geometrically defined pre-existing known
quantity. Equation 36 can be used to calculate the critical
load to induce the cone crack formation along the contact
boundary.

2a)?
P, = %K}c- (37)
(n2 4+ 1)/

Alternatively, we can determine the critical punch radius
for a given contact force, P, as

. (1—|—n2)1/6< P )2/3. 38)

2 K-

The remarkable feature of this calculation is that the
fracture load can be evaluated in a simple close form
solution, without the need to know the pre-existing flaw
size distribution.

In fact, K';¢ related to the compressive Mode I singular
stress fields should be different from the classical K;- for
tensile singular stress fields. With these reservations in
mind we postulate with recourse to Egs. 22, 35, 36, i.e.,
K;c = K'jc. Explicitly, for glass the value of the fracture
toughness is usually taken to be about 0.7 MPa Vm, and
hence the value of the predicted fracture load as a function
of the contact radius a is as shown in Fig. 7.

Equation 33 indicates that f§ is independent of the in-
denter diameter. This conclusion is supported by Roesler’s
experimental results [9]. In his classic experiments, Roesler
found that the crack cone semi-angle can given by
Br = 68.5 deg + 1 deg. According to present theory, the
theoretical predicted crack cone semi-angle is f = 72.34
deg, from the Eq. 33. The relative error is 5.3%.
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Fig. 7 Predicted fracture load, a function of contact radius, for a
material with the fracture toughness shown

Conclusions

Different from indentation with a spherical indenter, there
is a pre-existing stress singularity present at the contact
edge of a rigid cylindrical punch. The present study has
established the cone crack formation condition analytically
by linking the stress singularity to a K-dominant stress
field, which is similar to the Mode-I crack extension. This
represents a new possible mechanism for cone crack for-
mation on a flaw-free surface of a brittle material.

Using the conservation law, the energy release rate of
cracking along the contact edge, or cone crack initiation, in
any direction has been defined for three-dimensional axi-
symmetric solids. The problem of three-dimensional con-
tact between a rigid cylindrical punch and a flaw-free
brittle material has been investigated by using the proposed
method. The cracking angle and critical load for initial
failure of the brittle material have been derived. The
analysis predicts that the semi-angle of the cone cracking is
independent of the indenter diameter, and this angle is
close to the experimental result by Roesler [9].

Unlike the traditional method for testing fracture
toughness, the current study shows that the singular stress
field and the K-dominant region can be induced by
indentation on a flaw-free surface, which imply the
potential possibility to set up a very simple and practical
technique for evaluating some strength-related properties
of materials such as the fracture toughness using specimens
without macro-pre-existing cracks. It is realized that the
condition of a rigid cylindrical punch with a perfectly sharp
corner is highly idealized, which may not be satisfied in an
experiment. Although some error is expected, the general
relation proven by Eq. 37 should hold.
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